This paper examines the dynamics of Hepatitis B via a Susceptible Exposed Infectious Recovered (SEIR) type epidemic model. Previous studies have shown that Hepatitis B is characterized by multiple endemic solutions, a matter which may be of concern in developing control strategies. We identify the possible causes of multiple endemic solutions in a Hepatitis B model and conclude that the dependance of the probability of carriage development 
α is high, the probability of existence of multiple endemic equilibrium solutions is increased. In our arguments, the traditional reproduction number 0 1 R < which we define here by a function
Introduction
Multiple endemicity (often arising from a backward bifurcation) refers to a situation where a dynamic system * Modeling multiple endemicity in Hepatistis B: This research work was motivated by a result of a previous work published by Medley G. in 2001 , showing simulated results of multiple endemicity for Hepatitis B.
(ODE or PDE) converges in its asymptotic dynamics to two different equilibrium states, under the same set of parameter values. The theory of attractors and mutation of such attractors with change in parameter values is studied extensively under the field of Bifurcation Theory [1] [2] . The dynamics of Hepatitis B (HepB) virus can be classified into three major world prevalence regions [3] : • Sub-Sahara Africa where horizontal infection among lower age groups is the dominant form of transmission, together with perinatal transmission (mother to child transmission within the first year of the infant). The region is hyper-endemic (over 10% carrier prevalence) since more infection among children leads to higher carrier prevalence.
• South East Asia where vertical transmission is reportedly more significant. Then other forms of childhood infection also contribute. This region is hyper-endemic as well.
• Europe and North America where only transmission among adults contributes to infection. Sexual contact and intra-venous drug use are the key contact pathways. The region is low-endemic as very few adults develop to carrier state after acute infection. We model a scenario that captures the Sub-Saharan prevalence zone: where vertical transmission could play a role in transmission; immunization largely done at child birth without screening and mainly heterosexual behavior is assumed in the population. Although HepB can be effectively vaccinated against, there are publichealth concerns we wish to address that may affect the optimal vaccination against the disease and global control strategies. Recent developments in the dynamics of HepB virus indicate existence of complex dynamics such as multiple endemicity, heterogenous prevalence among population groups, among others, which may be of great concern to vaccination efforts.
This paper aims to investigate the following scenarios in the context of a developing country (Sub-Sahara Africa scenario):
• Causes for existence of multiple endemic scenario in an age-structured model. This phenomenon has been observed in a model without age structure [4] . Multiple endemicity may offer a great challenge to vaccination campaign, since even in cases when vaccination is effective, the possibility of coexistence of higher and lower disease endemic states may complicate a vaccination effort aimed at disease control.
• The threshold conditions for HepB endemicity. The reproduction number G 0 < 1 does not imply the stability of disease-free equilibrium in this case. The paper is organized into the following sections: Section 1 offers an introduction and justification for modeling HepB. In Section 2, we describe the model structure and the equations for the population dynamics. In Section 3, we consider the model of proportions which is also referred to as the projected model due to the fact that it captures equilibrium dynamics in terms of the vital (birth and death) parameters. In Section 4, we derive a fixed-point equation using the equation for the force of infection and characterize the equilibrium solutions via this fixed-point equation. Section 5, the multiple endemicity conditions are obtained for this case of a HepB model without vertical transmission.
Model Structure
We develop an age-structured compartmental model with the following compartments: S(a,t) are susceptible individuals; L(a,t) are latently infected individuals who are infected but not yet infectious; I(a,t) are acute infected individuals who are quite infectious. But they move on quickly to the next state, the chronic carriage state, so they do not contribute strongly to new infections; C(a,t) are carriers who in some literature (see e.g. [5] ) are referred to as chronic infectious individuals. They stay in this state for a long time and contribute more to new infections than the acute infectious group; and R(a,t) are the immune or else referred to as recovered individuals.
A better view of the model structure is displayed using the Figure 1 and Figure 2 .
The following parameters define movement between the compartments: ( ) Given ω as the proportion of births that are not successfully immunized, ( )
coverage for newborn children. We suppose also that a proportion ν of newborn babies from carrier mothers get infected (vertical transmission) and thus a proportion ( ) 1 ν − of children do not acquire infection from the mother (at birth). Children who acquire infection through vertical transmission enter the population at the latent stage and soon develop into the acute infected individuals. This is logical since it is rare that children are newly born with symptoms and signs of any disease they may have acquired from the mother during pregnancy or at birth.
We therefore have the following increments into ( )
L a t and ( )
, R a t classes via new births, which define the boundary conditions in the model.
New births into the susceptible class are given by 
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and into the immune class by 
We use the notation
Under the assumptions above, we describe the full model for the spread of HepB by the system of PDEs below, 
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where 5 I denotes a 5 by 5 identity matrix, 
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The total population has an exponential decay and is obtained by summing the variables in (1.4)
System (2) is known as the stable population model and has a unique persistent age distribution profile (see e.g., [6] 
Projected Model
The projected model represents the situation when the population dynamics are at their equilibrium. This state can be achieved by transforming the state variables into proportions, i.e., modify system (1.4) into a model of proportions. This transformation eliminates the vital dynamics (birth and death) from the model and hence the reason why we refer to the resultant model as the projected model.
Consider the proportions of the population in each compartment in the model at age a , time t : Then the boundary condition for the susceptible class reads: Proceeding the same way for all the state variables, we obtain the projected system (1.8), which is independent of population dynamics, except for birth rate that appears in the model within the boundary conditions. The projected system now reads: 
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Force of Infection
The force of infection ( ) , a t Λ , which defines the rate at which susceptible individuals become infected, takes the form of standard incidence rate ( ) ( [12] . We similarly obtain the force of infection for the projected model at equilibrium: The model without vertical transmission is thus,
For this subcase ( ) 0 ν = , we know from a general case [13] that if the initial age distributions are in 1 L and are non-negative, then the solutions to system (1.12) exist globally, remain non-negative and stay in 1 L . The semi-group methods are used to prove the well-possedness of the system. The case of existence of solutions when vertical transmission is present has also been worked out [6] , again using semi-group methods.
We obtain expressions for i(b) and c(b) and insert in Equation (1.11). Consider system (1.12) at its equilibrium such that, The Basic Reproduction number 0 R has been shown to have its shortcomings [15] . We also discuss an anomaly on the conventional use of 0 R for the HepB model that we have studied.
Theorem 1. Assume that the force of infection Λ has age dependance only via the state variables, such that
Proof. We make the following transformations on Equation (1.13): ( ) ( ) , 
The endemic solutions (non-trivial solutions) satisfy
and we define the Basic Reproduction Number of the system (1.4) by [9] ( 
Multiple Endemicity
We seek to establish conditions under which exactly two endemic solutions may occur. Lemma 1.
( ) (2) hold, then the Equation (1.12) has exactly two endemic solutions if 
Conclusions
Multiple endemicity, arising from a backward bifurcation is a phenomenon that has been studied in a number of epidemic models [19] [20] . Studies have also shown similar dynamics with HepB for some set of realistic parameter values [4] . Multiple endemicity has been observed mainly in models of HepB especially when the carrier prevalence is high. Besides, HepB has also been shown to be characterized by heterogenous dynamics such as heterogenous prevalence (1% to 90%) [4] . Such complex dynamics may affect the ability to design a global control strategy to deal with HepB. Generally speaking, HepB is one of the most significant STIs especially in the South East Asia and Africa. Global figures show that viral Hepatitis is 10 times more common than HIV infection despite the fact that a global viral hepatitis treatment program is still a long way from becoming a reality [21] . Vaccination and antiviral treatments are available but rare especially in developing countries.
We studied the solutions of an SEIR HepB model and their stability via the force of infection. This approach has been used to determine equilibrium solutions and their stability in age-structured models, (see e.g., [9] ). We make use of this approach to characterize the conditions for multiple endemic states from a fixed-point equation derived from an equation for the force of infection.
We investigated the role of the following parameters in determining the dynamics of the disease, in line with results of [4] : • ( ) q Λ = probability of development of carriage; • ( ) , c a t = prevalence of carriers;
• α = infectiousness of carriers;
• ( ) 1 ω − = immunization rate.
In further work, we shall incorporate the parameter ν for vertical transmission and explore its possible role in enhancing the probability of multiple endemicity. Our results are similar to those in [4] , where the main cause of multiple endemicity is the dependance of the probability of development of carriage on the force of infection. This parameter dependance or inter-relationship has not been considered explicitly in many published models of HepB. But due to its role, it makes much sense to always consider this relationship. We also observe that the infectiousness of carriers may be key in enhancing possibilities of multiple endemicity. All in all, our results stress the key role that carriers play in the persistence of HepB within communities.
